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1 I Introduction and Main Results
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{> Shifted Convolution Sum

e Suppose that A\{(n) and A9(n) are two (multi-
plicative) arithmetic functions, and 6 > 0 is an
integer.

e It is a classical and important problem in analytic
number theory to study the shifted convolution

> Ai(n)Ag(n + b).

n<x
e Difficulty: The shift parameter 6 destroys the
multiplicativity.

e There are a large number of papers in this direc-
tion, which have many important applications.
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> Binary Additive Divisor Problem

e When \{(n) = \y(n) = 7(n), the Dirichlet divi-
sor function, this problem is the so-called binary
additive divisor problem D(z;b).

— Ingham [1927]:
D(2:b) ~ (1 + o(1))co_1(b)z(log z)>.

— Esterman [1930]: Improved this to an asymp-
totic expansion by observing a relation be-
tween D(x;b) and the Kloosterman sum.

— Atkinson [1941]: Found the importance of u-
niformity with respect to the shift parameter b
and a relation between the error term in D(x; b)
and the power mean of ((1/2 + it).
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> Binary Additive Divisor Problem

e — Heath-Brown [1978]: Weil’s bound led to a
better uniform result on D(x;b), and then an |
asymptotic formula for the fourth power mean prort

Proof Il

7 Proof Il
of ((1/2 + it) with error term O(T37¢). proot IV
— Deshouillers and Iwaniec [1982]: The appear-

ance of Kuznetsov’s trace formula changed the
situation dramatically by transforming sum-
s of Kloosterman sums into bilinear forms of ]
Fourier coefficients of cusp formes.
— Further developments: Jutila [1993], Mo-
tohashi [1994], Duke, Friedlander, Iwaniec
[1994], Ivi¢ and Motohashi [1995], Meurman |
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> Its Analog for Fourier Coefficients

e When A\i(n) = Ag(n) = Ay(n), Fourier coeffi-
cient of holomorphic or Maass cusp form f, it is
an analog for Fourier coefficients of cusp forms
of the additive divisor problem.

e Since Selberg’s seminal paper [1965], this sum
has been investigated extensively. See e.g. Good
[1982], Jutila [1996, 1997], Sarnak [1994], Liu
and Ye [2002], Harcos [2003], Lau, Liu and Ye
[2006], Blomer and Harcos [2008], Holowinsky
[2010], -« - - - -

e Non-trivial bound of this sum often has deep im-

plications: e.g. subconvexity and equidistribu-
tion (QUE).
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> Mixed Shifted Convolution Sum
o] ct

ro(n) = }{(nl, L., Ny) € 7t n%Jr- : -+n% = n}| i

e For each holomorphic cusp form f of weight £ ="
and level NV, we write its Fourier expansion at
OO: Home Page

f(z) =Y Ap(nn* =D e(nz),

n>1

Title Page
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e Recently Luo considered the shifted convolution
sum of cusp forms with theta series

Z )\f(n + b)?“g(n) = yf,bj(m)-

n<x
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e Luo [2011]: For ¢ > 2,k > (/2 + 3 and € > 0,
we have

yfjbjg(a?) <K $€/2_19€+€, (1)

where ¥y := ({—1)/(49+4) and g is the smallest
integer such that ¢ > (¢ + 1)/2 and the implied
constant depends on f, b, £ and €.

e In particular
1 1 3
192:Ea 193:67 194:1_67

I5=1, V=1, Y=L <>
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e uo’s idea 1s try to generalize the classical
Voronoi formula for 74(n), and then combined
this formula with upper bound for the Salié sum oo

Proof Il

to derive result (1). Proof

Proof IV

e Based on a series of work on “’the divisor prob-
lems related to the Epstein zeta-function™:
Guangshi L, Jie Wu and Wenguang Zhai

[Bull. London Math. Soc. 2010; JNT 2011; Ac-
ta Arith. 2012; Quart. J. Math. 2012],
we try to explore the regularity of 74(n) by the
circle method in analytic number theory and
Siegel’s mass formula.
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e Thanking to these classic tools of analytic num-  ewerm
ber theory, we can show that the influence of =
rp(n) to the bound

Home Page

Z Ap(n) <y xl/g(log x)Q/(ﬁF(5/2))—1
n<x
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e G.S. Li, J. Wu and W.G. Zhai [2013]
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Proof |

Theorem 1. Let f be a cusp form of weight & il

and level V and let £ > 2 be an integer. For any "
e > 0, we have

Home Page

Sppila) Kppe P @) | e
uniformly for x > 2 and 0 < b < x, where
d3=12, U4=3, U5=35 UTp=2%((>6).

In addition, if we assume N = 1, then (2) holds
for ¢ = 2 with V9 = %
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For comparison, we have

Our Result Luo’s Result
Introduction
19 . l N . 1 19 . L P:ZZf///
o 2 = G ( = ) o 2 = 10 Proof IV
_ 1 _ 1
oy =3 o) = o
1 1 [« ]»]
*U5 =73 *U5 =1 ]
o g = 2 o5 =1
; :
° Uy =3 ° V) <35
0 >7 0 >7
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Our result improves Luo’s result above in three di-
rections:

e Enlarge the exponent v/;
e Relax the restricted condition & > ¢/2 + 3;

e Remove the dependence of .

e More general. r/(n)-aspect: Let Q)(y) be a pos-
itive definite quadratic form Q(y) = %ytAy. For
each n > 1, define

r(n,Q) = {y €Z°: Q(y) = n}|
Similar to %, ¢(), we define

L p(T) = Z Ap(n+0)r(n, Q).

n<x
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e More general. f-aspect: Define JF to be a class
of cusp forms f(z), which consists of holomor-
phic cusp forms with respect to any finite volume
discrete subgroup (such that oo 1s a singular cus-
p of width 1), any positive real weight and any
multiplier systems, as well as Maass cusp forms
of any weight and any level.

e Then our result implies for any f € F and any
general ()(y) that

yf)b)@(x) <<f,Q,€ x€/2_1/2+5

holds uniformly for 1 < b < «, provided ¢ > 5.
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e A natural question 1s what should be the best
ol o 7 pled) pe

Proof Il
Proof Il

e Conjecture. Let f be a cusp form of weight £ 72,
and level N. Letb > 0 and ¢ > 3 be two integers.
For any € > 0, we have

0/2—3/4+¢

Title Page

() Lfpoe®

for r — 0.
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e It seems rather difficult to establish this conjec-
ture. However we can prove that the conjectured
bound is true on average for £ > 5.
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Theorem 2. If / > 6, then we have Proof |

X C Prozflll
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/1 1) de = 7= /o
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2 I Proof of Theorem 1: Case ¢ > 3
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e Aim: By a rather simple proof, to show that
193:%311(1195: %forfz 4,

o | et
F(a) = Z A¢(n +b)e(—an)
and ”—5'7
S(a) = Z e(am?)
jm| <a'/?

e Then it 1s easy to see

1
yf’b’€<x):/0 F(a)S(a) da.

N
S —
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e Square Root Cancellation: Let f be a cusp for-
m of weight £ and level N. The estimate

Introduction
Z Ap(n)e(an) <y 2% log x Prooi
n<w Pt 1

holds uniformly for a € R.

e In addition, it 1s not hard to show

1
/|S(oz)|2doz: Z Z 1 < 2/2,
0

1/2 1/2
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e Thus we can show

Lt p3(T)
| | |

< xl/Q(logaj)(/ \S(&)\Qdoz/ |S(oz)|4doz)§ Froa i
0 0

Proof IV

< g3/21/4 log x.

Home Page
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3 I Proof of Theorem 1: Case ¢ > 6
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Aim: When ¢ > 06, further improve the exponent
1

?95 — §.

Lemma 1. (Approximate Voronoi Formula) Let f

be a cusp form of weight k and level N, (h,q) =1 /aoseten

Proof |
Proof Il

. / Proof Il

A(ZE, h/g) = Z n<i )\f(’ll)eq(hn) Proof IV
Then for any € > 0 we have
Ale. h/g)
[« ]

= eq(—hn) cos ——

Vor = ndlt q 4
=
0 qz'/>*e
T e\ T2

uniformly for ] <g<zand1l < M < z.


http://www.amss.ac.cn

Lemma 2. Let ¢ > 2,y = (yq,...,y;) € Z* and
A = (a;;) be an integral matrix such that a;; =
0 (mod2) for 1 < ¢ < {. The positive definite  foorr

quadratic form Q)(y) is defined by Q(y) = %ytAy. Proot
For each n > 1, define

o (. _

r(n, Q) == [{y € 2" : Q(y) = n}|.

Then for ¢ > 4 we have RN
L]

T(”?Q)
, 1oo q., hQ e(_%ﬂ) L 5.
=oQn? S + O(ni %TF),
Q ;hz:l ( q ) 7 ( )
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where

S@Q:= >, = Q)

0<yq,...,yp<qg—1 st
02 Froar 1V
(27)
o0 -—
Q F(€/2> / ‘ | 7 Home Page

Title Page

if ¢ 1s odd,
if £ 1s even,

55:{

and Z* means the sum is over 1 < h < ¢ with
(h,q) = 1. Furthermore we have

S(hQ/q) < ¢"* ((h,q) =1).

DOl — =
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Proof of Case / > 6. One can easily deduce that

St p0(T) (+Lemma 2) proot
1 x+b / ,fzzzf///
__1 roof |V
< TS| S b gt
¢>1 9% 1<h<q ' n=1+b
(hyq)=1
tgb/4-drtlte (+Lemma 1) [ » ]
(/2—2/3+e¢ 1 0/4—dp+1+¢ ——
Lfe @ > + gt/ 40
, /2=5/3

1
_ e
Kfe t/2=2/3+e (recall £ > 6).
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4 I Proof of Theorem 1: Case / = 2
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In order to deal with case ¢ = 2, we need the fol-
lowing result.

Lemma 3. Let f be a cusp form of weight & and
level 1. Then the estimate

St(z;a,q) = Z A(n) <5 pl/3te

n<x
n=a(mod q)

holds uniformly forx > 1 and ¢ > a > 1.

Remark. Note that previous similar results proved
by R.A. Smith needs a restricted condition (a, q) =
1.
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Here we are able to relax this restricted condition
(a, q) = 1 by proving an auxiliary lemma.

Lemma 4. Let m > 2 be a positive integer. There
is an arithmetic function h,,(n) such that

hm(n) =0 if 3 p such that p | n and p 1 m,
b (n)| < 7(m)74(n) if n | m™,
Ap(mn) =Y hp(d)Af(n/d),
dn

where 7.(n) denotes the number of solutions of
n = nj---ng; with positive numbers nq,...,nz,
and 7(n) .= m(n).
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Proof of Case / = 2. e

Proof Il

By the classical expression Proof
Proof IV
ro(n) =4 x(d)
il

where x(n) is the non trivial Dirichlet character =~ [«l»]
modulo 4, we can write L]

yfﬁg([lﬁ) =451 + 459 — 453,
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where

S = y: y: X(d))\f(dm+b>,

d</x dm=x

Soi= > Y x(d)A(dm+D),
m<,/x dm<x

Szi= Yy xld)As(dm +b).
d<v/zm<\/z
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By Lemma 3, we have (uniformly for 0 < b < x)

Si= > xd Y  Apn)

ds nsath e
=V n=b(mod d) P
< Y (w+ b)Y« 20T
d<y/z
L« l» ]
S3= 2 xld) 3 M) R
d<vw n<dy/z+b
n=b(mod d)
1/3+¢ 5/6+4€
< Y (dva +b) < 29/6%e,

i<z
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Note that

Introduction

x(d)=1 ifd=1(mod4), Eﬁg%
x(d) = —1 if d = 3 (mod 4),
x(d) =0 if2]d,

Home Page
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> > A(d+1)m+b)

m<y/z (4d+1)m<zx

-2 2> Af<(4d+3)m+b)).
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By Lemma 3, we have (uniformly for 0 < b < x)

S = 2 > M)

m<\/x n<z+b
n=m-+b(mod 4m)

oD DD DRI

n=3m+b(mod 4m)

< Z (x_i_b)l/?)—i-é‘ < $5/6+€.
m<./x
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5 I About the Proof of Theorem 2
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e [t suffices for us to evaluate A S 2)|%dz.
VX 1< [,0,Q

e By Lemma 2 (not exactly), we have
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]
e When ¢ > X2, the contribution of

( ) A g b(aj —]’L / q> ‘ Introduction

Proof |

X2 ot
to 1 () is negligible.
e Then after some arguments, we have a relatively
simple formula
RIS
EE
hQ eq( )
Z10Q) 3 Y S(
<x1/2 h=1 C]
o
x Az + b, —h/q) + O(Ry(X)).

Here A(z, h/q) = Z’néx A p(n)eq(hm).
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e Now we split the sum over ¢ < X 1/2 into two
parts according to ¢ < X6 or X1/6 < qg <

Xl / 2. Z:;Z?L;Ction
Srpolr) = S1(x) + Sa(x) + O(Ry(X)). proo IV
e Evaluate the integral f\)/% 1S1(z)|*dz.
: .
After opening up the mean square, evaluating a ]
the diagonal terms, and estimating non-diagonal ]
terms, eventually we have
X
— 1/2
/\F|SI< o)fde = Cf’b’Q/ e+ P

+O(R;(X)).
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e Estimate the integral | \)/% |So(z)|[*dz.

e We need one mean value result for A(xz, %) due  jpmir
to Jutila P
A LSNP
/ Az, Pld = (4K + 2)7? 2. ! g A2
1 ! — n
3/2v34e | 2y l+e| [N
+0;£(q*2X T 4 g2 X1€), EEES
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Thank You!
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