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1. Introduction

I' : a modular group (symplectic group, unitary group etc.)

n . a character of I'

S;(I'yn) . the space of cusp forms of weight [ and character n for I
(F, F) the period (the Petersson norm) of F

I' : a cogruence subgroup of SLy(Z),k € Z/2

For a Hecke eigenform g € Si.(I,n), let g be a certain “lift" of g to “another
space of cusp forms”, that is, let g be a Hecke eigenform whose certain
L-function is expressed in terms of certain L-functions related with g.



(9,9)

Problem A. EXxpress
(g,9)°

in terms of certain L-values related with g.

Why is the above problem interesting and important 7

(1) The expression in Problem A (if exists) connects analytic objects(periods)
with arithmetic objects(L-values).

(2) Sometimes one can prove the algebraicity of the above ratio by using
such an expression in Problem A, and prime ideals appearing in that ratio give

a congruence beteween g and another cuspidal Hecke eigenform not coming
from the lift.

(cf. Brown, Boecherer-Dummigan-Schulze-Pillot,Ibukiyama-Poor-Yuen-K. Klosin
K.)



Known results

(1) Zagier (1977): Doi-Naganuma lift
Let g be the lift of a primitive form g € Sip(SL>(Z)) to SL(SL>(Ok)) with
some real quadratic field K. Then

Q)
Q)

)

(g, 9)
(9, 9)

(2) Kohnen and Skoruppa(1989): Saito-Kurokawa lift

~ L(1, f,Ad, xg) (= L(k, f, Sym2, xi)).

Q
Q

Y

(3) Kawamura-K(2007): Duke-Imamoglu-Ikeda lift (D-I-I lift)
Let I»,,(g) be the D-I-I lift of a Hecke eigenform g in the Kohnen plus subspace
Sk_n+1/2(Fo(4))+ to SiL(Spy,(Z)) and f the primitive form in S,(SLy(Z))
corresponding to g under the Shimura correspondence. Then

12009, 20(9D) 1o 4 o 1) T €(20) L2 — 1, £, Ad)
(9,9) i=1



(4) K(2010): Answer to Problem A for the Hemitian Ikeda lift

(5) Boecherer,Dummigan,and Schulze-Pillot (2012): Answer to Problem A
for the Yoshida lift

The aim of today’s talk is to give a refined version of (4), and its adelic
version.



2. Hermitian Ikeda lifts

K : an imaginary quadratic field with the discr. —D,
O : the ring of integers in K

v=(2)

S Q-algebra
RK/Q(GLm)(S) = GLm(S ®Q K)
U(m,m)(S) :={g € GLy,,(S ®Q K) | g* < Om _Olr;rln >g — <

LIm

G :alg. gp./Q
G A : the adelization of G
Gy, : the finite part of G



Kp =K ®qQp, Op:=0zZp
Km) = (U (m, m)y N [[ GLom (Op))U(m,m)(R) C U(m,m)a

p
h = hy : the class number of K
h

U(m,m)a = | | U(m,m)(Q)yk™
1=1

t; 0
Yi — < OZ t*_l ) t; € RK/Q(GLm)h s.t. t1 = 1,, and

Ry /q(GLm)A = |_| G L (K)t; HGLm(Op)GLm(C)
=1

ri™ = U(m,m)(Q) N3k (™,

Rem. Fl():{wéGLm(O)|g<lm Om >g=< >}

ZZ*

Pm = {Z S M’m(c) | }



S(21,—1) (Fi(m>)

={F: 9, — C | F(+(2)) = j(, 2)%(det 1) "'F(Z)for v € ;™
+ cuspidal condition}

(the space of Hermitian cusp forms of weight (21, —1) for Fi(m))

FoF) = [ o q pimy-1 / F(Z)]2det Y2 axdy
(F,F) = [I} AL o g g, 1F(2)

(the period of F)

S(Ql,_l)(lc(m))::the space of adelic cusp forms of weight (21, —1) for K(™)

h
Rem. ¢ : (D Seo1, (1™ 2 Sz (K™)
1=1

F = (Fy,..., Fp)! € Siop_py(K™)
h
(F,F):=h=t ) (F, F)
1=1



R . a commutative ring with an involution

Her,,(R) : the set of Hermitian matrices of degree m with entries in R
Her;,(Op) := {A = (a;;) € Herm(Kp) | a;j € V=D 10p, a;; € Zp}

(the set of semi-integral Hermitian matrices of degree m over Op)

T € Her} (Op), detT # 0
bp(T,s) := > exp(2my/—1tr(TR)) up(R) ~*

ReHery, (Kyp)/Hery, (Op)
pp(R) := [ROJ + OF : OF]
Rem. (G. Shimura) There exists a polynomial F,(T,X) € Z[X] s.t.

[(m+-1)/2] o [m/2] i1
bp(T,s) = Fp(T,p~®) [ @ —p=7%) ] Q=&p™"7%)
1 if Kp=Qp®Qyp
Ep = ¢ —1 if K;/Qyp is unramified quadratic

0 if Kp/Qp is ramified quadratic
Fo(T, X) = XTI Fy (T, p~mX —2)



Rp/q(GLm) A = |_| GLm(K)t: HGLm(Op)GLm(C) (t1 = 1)
1=1
t; = (tz p) S RK/Q(GLm)h

First Ieto@ = 2n and

f(z) = > cy(N)exp(2rv/—1Nz) : a primitive form in Syi41(Io(D), x)
N=1

ptD, ap€Cst. ap+x(laygl =pFcp(p), p|D, ap:=p Fci(p)

T € Herp(K)T

+(T) := (=D)m/2l det T

()T = (T [* T | det(t; p)det(t; ) Fp(ts ) Tti s aip),

p
I i(F)(Z) = > cr (T exp(nv/=1tr(TZ)) (Z € H)

TeHerp,(K)T




Next let m =2n+ 1 and
f(z) : a primitive form in S5.(SLy(Z))
In this case we can also define a Fourier series I, ;(f) on i,

for f similarly to above.

I i(F)(Z) = > et () (D) exp(2nV/—=1tr(TZ)) (Z € Hin)
TeHerp,(K)Tt

k . a non-negative integer, m =2n or 2n +1

) 2k+ 1 if m=2n, g(mk) .— ) S2k41(T0(D),x) if m = 2n,
2k if m=2n+ 1, =\ So1.(SLo(Z)) if m = 2n+ 1.



Thm. 2.1. (T. Ikeda 2008) Let m =2n or2n+ 1. Let f be a primitive form
in S(mE) . Then Iy,i(f) belongs to SQk—I—Qn,—k:—n(Fi(m))-
(cf. H. Kojima, V. Gritsenko, A. Krieg, T. Sugano).

Lift™m) (f) := (Im(f)1, - » Im(f)p)* (the adelic Hermitian Ikeda lift of f)

Thm. 2.2. (1) Assume that f does not come from a Hecke character of K
if m =2 mod 4. Then Lift{™)(f) is a Hecke eigenform in
SQk—I—Qn,—k—n(K(m)) whose standard L-function coincides with

] Ls+Ek+n—i+1/2, f)L(s+k+n—i+1/2, f,x).
1=1

(2) Assume that f comes from a Hecke character of K and that m = 2 mod 4.
Then Lift(m)(f) = 0.



3. The period of the Hermitian Ikeda lift

MCc(s) :=2(2n) 5T (s) bt
iy [ Tei+1)L2i+1,x)D? | =2i+1
LG X1 = { Fo(20)C(20) . =

f(z) : a primitive form in Sy 1(Io(D), x)

L(S7f7 AdaXZ) . | |
= TI{Q = agx®) ) (@ — o x(P) T p ™) (1 — x(p)'p )}
piD
([[a-p 7t if ¢ is even
x{ PP
{1 —Oé p )1 —a, 2p~ =1 if i is odd

p|D

\

f(2z) : a primitive form in SQk(SLQ(Z))
L(s, f,Ad,x") 1= H{(l — a2x(P)'Pp )1 — oy 2x(P)'p*) (A — x(p)'p*)} !



£ e S(mk) 3 primitive form

L(i, f,Ad, 1) := Fe(MreG+ K <—f1]2>L(z', £, Ad, T

Thm. 3.1. Let m=2n+ 1. Then we have

<Im,z(f)7 I??T:L,Z(f)> _ 2—4nk—4n2—6n ﬁ L(], f7 Ad, X]—I_I)L(], X])Dan—I—4n2—|—n
i i

Rem. If m =1, then I, 1(f) = f, and the above equality is trivial.




Q p.=the set of prime numbers dividing D

QC@Qp: xo=Ilxe xo= Il xg
qeQ q€Q p,9ZQ

Rem. xp =1, xp =X, XQp =X Xg, = 1

@)

f(z) = ) cp(N)exp(2nv/—1Nz) € Spp41(Io(D),x) : a primitive form
Fact. ']I'Vh:elre exists a unique primitive form

& [ xo)c(p) € Q
fo(z) = szjl cfQ(N) exp(27v—1Nz) s.t. cfQ(p) = { X/Q(p)cf(p) pEQ

Rem. f4(2) = f(2), fq,(2) = f(—%)



Let t; = (tip)p € Rk /qQ(GLm)y be as defined before.
C(t;) :=1lp [Nk, /q,(dett; p)lp,  €(Q) = lleq(—D, C(ti))q
mi(f) = D xo((=1)")e(Q)

QCQp
fo=1

Thm. 3.2. Let m = 2n. Then we have

<Im,z'(f)a I'r:?/,z(f» — >—4nk+2k+3—4n ﬁ L(j, f, Ad,xj_l_l)L(j, Xj)
<f7 f> ]=2

2_ _
XN i (FYD2RTAT=0 TT (1 4 ¢~ 1)
q|D
Rem 1. Thecase:=1 of Thms. 3.1 and 3.2 was conjectured by Ikeda and

was proved by Katsurada.

Rem 2. (Ikeda) Let m = 2n. Then we have n,, ;(f) = 0 iff I,,, ;(f) is identically

Zero.



n(f) == {

h

1+ x((=1)") if fo,=f

1 it fop 7 f

(f) = hi(f) (genus theory)

Thm. 3.3. Assume Theorem 2.1. Then we have

(Lifttm(f), Liftm™(f))

X S

m X .
= Qﬁn,k H L(’L, f, Ad,XZ+1)L(/LaXZ)

<f7 f>m =2
q|D
| Dp2nktanitn if m=2n+1.

Cor. In addition to the notation and the assumption as Thm. 3.3, assume

that ¥’ >m+1

. T hen

(Liftm)(f), Lift(™ (f))
(f, fym

belongs to Q(f).

Rem. Let m = 2n. Then we have 7,(f) = 0 iff n is odd, and f comes from
a Hecke character of K.



4. Outline of the proof of Thms. 3.1 and 3.2.

Main tools:

(1) The residue formula of the Rankin-Selberg series of the I, ;(f)
(2) An Explicit formula of the Rankin-Selberg series of I, ;(f)



Let m=2nor 2n+1, fc Smk).

I i(f)(Z) = > cr (p(B)exp(2rv=1tr(BZ)) (Z € Hm).
BeHer, (K)t |

Up.i = SLmn(K) N SLim(C)(I] ti,pSLm(op)t;;)
p

1,0 (B)I?
R(s, I;mi(£)) = C(t;)52F—2n 3 y 8
BEHerm(K)—F/Um’Z, ei(B)(det B)

ei(B) i=#{g €Un, | g"Bg= B} C(;) =1l |Ng, q,(dett;p)lp

Rem. U, 1 = SLin(0), e1(B) =#{g € SLm(O) | g*Bg = B}.

lcr 1(f)(B)|2
R(s, I, 1(f)) = > = .
BeHerm (K)*/SLm(O) e1(B)(det B)




Prop. 4.1. R(s,I,,;(f)) has a pole at s = 2k + 2n with the residue

22+ Hm1 [T LG A+ (i (), i ()
j=2

m—1

Dm(m_l)/Q ﬁ (rc(j)rc(Qk +2n—3541)) H L(2m — j, Xj)

.

Prop. 4.2. Let f be a primitive form in S(MK)_ Then

22k+1 1+¢ 1Y ifm=2
2 ifm=2n-+1
Thm. 4.3. Let m=2n-+ 1. Then
2n—+1 - 2n .
R(s,Iopt+14(f)) = D™272" 1 T] LG, %) [] L(2s — 4k —j+2,x7)" !

j=2 j=0

2n—+1 _ .

x [l L(s—2k—2n+j, f,Ad,x) " DL(s — 2k —2n+ j,x' 1)
j=2

xL(s—2k—2n+1,f,Ad,1)L(s—2k—2n+1,1).



Q CQp, f€Syut1Io(D),x), a primitive form

2n _ .
M (s, f,Ad, x@) == [] {T] @ — egx(p)xqp)p sH2FT2n"0)
J=1 pgQ

s—|—2k+2n—j)(1 o —s—|—2k—|—2n—j)2

X (1 — a5 *x(p) xq(P)p~ X ) xo(p)p

< [T (1 — azx(p)lp~5T2RT2070) (1 — o 2x(p) p~ 2R T2n=0)
peQ)

x(1 =/ (pp A2y,

Thm. 4.4. Let m = 2n.

2n—1

R(s, In, ;(f)) = D™$272" H L(j,x") [ L(2s—4k—j,x/)~*
1=2 7=0

X Y xo((=1)Me(Q)M(s — 2k —2n+ 34, f,Ad, x0)-
QCQp



Lem. 4.5. (1) If fg # f, then M (s, f,Ad, xg) is holomorphic at
s = 2k 4+ 2n.
(2) If fg = f, then

2n

M(s, f,Ad,xg) = [[ L(s — 2k —2n+ 4, f,Ad, x) 1) L(s — 2k — 2n +4,x7 1)
j=1
Recall n,;(f) := >  xo((—1)")€(Q). Hence we have
QCQp
fo=f

Thm. 4.6. Let m = 2n.

2n - 2n—1 .
R(s, Inp:(f)) = D™272" T LG, x7) [[ L(2s— 4k —j,x7)"*
Jj=2 Jj=0
2n . .
) {ni(F) T] L(s — 2k —2n+j, f,Ad,x ") L(s — 2k —2n +i,x/ 1)
j=1
> xo((—1)Me(Q)M(s — 2k — 2n 4+ 4, f,Ad, xg)}-
QCQp

fo#f



