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Let k be an even integer. Then there exists a lift
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is the generalized

Here S | is the Kohnen plus space and S:_(zl")
2 2
plus space of degree 2n.

2/29



© Plus space for Jacobi forms

@ Lifts

© Generalized Maass relation

3/29



Notation 1

Hn = {7 M,(C)|T ="7, Im() >0},
Sp(n,K) = {MeGL2nK) M (G §)M=(95 %)},

Sym? : the set of all half-integral symmetric matrices with size n,

e(x) := exp(2mi tr(x)),

M{ := {Siegel modular form of weight k of degree n},
S¢ = {Siegel cusp form of weight k of degree n}.
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Notation 2

I, = Sp(n,Z)
* 0 x
* 1, * %
r#,r = « Or . % € Mntr
0 0 0 1,
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Jacobi forms of matrix index

Let M € Sym;.

Definition (Jacobi forms of matrix index)

Let ¢ be a holomorphic function on $, x M, ,(C). Such ¢ is
called a Jacobi form of weight k of index M of degree n, if

(¢(7,2) e(Mw)) [y = &(7,2) e(Mw)

for any v € 7, and for any (7, 2) € Hntr.
If n =1, then ¢ is required to satisfy the cusp condition.

J,S"/)Vl :={ Jacobi form of weight k, index M, degree n }
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Fourier-Jacobi expansion

Let F € M™". The expansion

FLE) = D om(r2)e(Mw)

MeSymy

is called the Fourier-Jacobi expansion of F.
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Fourier-Jacobi expansion

Let F € M™". The expansion
F(ZZ) = D dm(rz)e(Mw)
MeSymy
is called the Fourier-Jacobi expansion of F.

o We remark ¢ € J,(("/)Vl

o For Siegel modular forms of half-integral weight we can also
consider the Fourier-Jacobi expansion.
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Siegel modular forms of half-integral weight

e We put

0(r) = > elpr'p) (7€ ).

pEZL

@ A holomorphic function F on §), is called a Siegel modular
form of weight k — % of degree n, if F satisfies

7)) 21 .
F(M-7) = (H(Q?T) )> F(r)  forany M eT{"(4).

(+ cusp condition for n = 1.)

° J;En_)l L= {Jacobi forms of weight k — % of index m}.
2
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Generalized Plus space

The generalized plus space is defined by

v
k=3

M+(”) _
{f € M1 (T§"(4)) | Ar(N) = 0 unless N = (~1)**1A*A mod 4
with some A € Z"} |

where Af(N) is the N-th Fourier coefficient of f, i.e.

f(r)= > Ar(N)e(Nr).

NeSymp;
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Generalized Plus space

The generalized plus space is defined by

v
k=3

M+(”) _
{f € M1 (T§"(4)) | Ar(N) = 0 unless N = (~1)**1A*A mod 4
with some A € Z"} |

where Af(N) is the N-th Fourier coefficient of f, i.e.

f(r)= > Ar(N)e(Nr).

NeSymp;

° I\/I:(ll) is the Kohnen plus space.

2
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Generalized Plus space and the isomorphism

Theorem (Eichler-Zagier (n = 1), Ibukiyama (n > 1))

If k is an even integer, then

+(n) ~ n
M) = )

as Hecke algebra module
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Generalized Plus space and the isomorphism

Theorem (Eichler-Zagier (n = 1), Ibukiyama (n > 1))

If k is an even integer, then

+(n) ~ n
M) = )

as Hecke algebra module

Several generalizations of this theorem are known
(skew-holomorphic Jacobi forms: Skoruppa, Arakawa, H.
with character: |bukiyama-H.

vector valued: Kimura, Ibukiyama

etc. )
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Plus space for Jacobi forms

Let ¢ € Jl(i)l ., be a Jacobi form of weight k — % of index m (€ Z).

2
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Plus space for Jacobi forms

Let ¢ € Jl(i)%,m be a Jacobi form of weight k — % of index m (€ Z).

Fourier expansion of ¢(7, z)e(mw):

orzelma) = 3. A () e () o)

4Nm—R'R>0
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Plus space for Jacobi forms

Let ¢ € Ji’l)%’m be a Jacobi form of weight k — % of index m (€ Z).

Fourier expansion of ¢(7, z)e(mw):

orzelma) = 3. A () e () o)

4Nm—R'R>0

A(M) = 0 unless M = (—1)*"IXIA  mod 4 with some \ € Z" !
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Plus space for Jacobi forms and the isomorphism

L : : : :
Let M = <1r 2{) be a half-integral symmetric matrix of size 2.
2

m = det 2 M.

Proposition

If k is an even integer, then

—+(n A n
7D =y

1
k—3,m

as Hecke algebra modules.

J:i(’;m C JI(("J%’m . plus space for Jacobi forms
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Main result

Theorem

Let k be an even integer. Let f € 57L ! and g € 5+ 1 be Hecke

eigenforms in the Kohnen plus-spaces. Then there ex:sts
Frg € 5+(2") Under the assumption Ff z#0, the form Fr ; is a

Hecke e/genform with the (modified) Zhuravlev L-function

2n—1

L(s,Frg) = L(s,f) H L(s—1i,g).

Here the L-function is defined by
n 3 3 -1
s, 7) = [II1 {(1 — a3 (1 - a;;pk-z—S)}
p i=1

for Hecke eigenform F € I\/I+("). ({a }, is the p-parameter of F.)
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The construction of the lift F¢ 4

(fg)ES+ L @St .
k—3 k—n—3

I(g) c S£n+2

J{lst F-J
Ikeda lift b€ J 2n+1)E - Ce 5;(2;+1)
LT 2
g < Sk nf%
For 7 € $5, we set
1 E—
Fro?) = g [ GUE) W) mw) doe 5/4D.
To(4)\1 2
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The construction of the lift F¢ 4

- +
(Fe)es; oSk ..

/(g) c 5£n+2

J{lst F-J
Ikeda lift (2n+1) +(2n+1)
V1€ Jy E7 1 ——G ¢ Skié
iF'J
ges | ome JTG
k— n—3 kf2 m
For 7 € $5, we set
1 — n
Fralr) = & [ GUEINT@ mw) tdw e 51
Fo(4)\91 2
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The construction of the lift F¢ 4

- +
(Fe)es; oSk ..

/(g) c 5£n+2

1st F-J
Ikeda ift (2n+1) +(2n+1)
b e S 6 e st
F-J iF—J
ges Y € o ——om € ST
2 27
For 7 € $5, we set
1 —— ;
Fralr) = & [ GUEINT@ mw) tdw e 51
To(4)\1 2
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Maass relation

Let
FU(L2) =) dm(r,2) e(mw) € M}

meZ

be a Fourier-Jacobi expansion.
The Maass relation is a relation among Fourier-Jacobi coefficients

for any non-negative integer m. Here V,, is an index-shift map
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Maass relation

Let
FU(L2) =) dm(r,2) e(mw) € M}

meZ

be a Fourier-Jacobi expansion.
The Maass relation is a relation among Fourier-Jacobi coefficients

for any non-negative integer m. Here V,, is an index-shift map

o We have also ¢m|Vp = dmp + p*~Lm for prime p.
)
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The map V,, is defined by
(¢|Vin)(7, 2)
2

k-1 —k ¢z
= m Z (cT +d) e<m/c7+d>
(23)ermmco

ad—bc=m
« ar+b mz
ct+d cr+d

for¢6Jk (1,2z) € H1 x C. Then ¢|Vy, eV

k,tm-*
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The map V,, is defined by
(¢|Vin)(7, 2)

. k—1 Z ( + d)—k / sz
= m CT el m or 1 d
(2)rmeo

ad—bc=m
« ar+b mz
ct+d cr+d
for ¢ € Jk (1,z) € H1 x C. Then ¢|V,, € J,((lt)m
° ¢(1,0) € M;

® (¢|Vim)(1,0) = ¢(7,0)| T(m) with the usual Hecke operator
T(m) which acts on the space of elliptic modular forms.
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Generalization of V/,,

For any prime p and for i (0 < i < n) we can define a map

22/29



Generalization of V/,,

For any prime p and for i (0 < i < n) we can define a map

+(n) +(n)
e ¢(7,0) € Mk_% for any ¢ € Jk_%7m

o (¢|Vini(p?))(1,0) = ¢(7,0)| Ti n_i(p?) with the Hecke
)

operator T;p_i(p?) : MY — M.
2 2
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Index-shift maps and the isomorphism

We have the commutative diagram

Jow — 40,

V’Ul lr/,a
(n) (n)+

e (Py)] T Tkedme

where V/, U, V and U are index-shift maps.
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Generalized Maass relation

Let
G((52) = ¢m(r 2)e(mw)
meZ

be the Fourier-Jacobi expansion of G (€ )
2

Theorem (Generalized Maass relation)

Dml(Vo.20(p?), Vi20-1(p?); s Vano(p?))
= <¢p%‘Up27 QbmlUP? ¢mp2) A(BP)

for any prime p. (The both sides are vectors of forms.)

v

A(Bp) is a certain 3 x (2n+ 1) matrix which depends on the choice
of g€ S:_n_l' ({Bgﬂ}p is the Satake parameter of g.)
2
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Sketch of proof of main theorem

(éml Vi20-i(p*))(7,0) = $m(7,0)| Ti2n—i(p°)

G((59)1Ti20-i(p?)
- Z <¢m(7a 0)| Ti,2nfi(P2)) e(mw)

m

= Z ((bm\\N/i,zn—i(Pz)) (7,0)e(mw)

m

= Z (Iin. comb. of gbp%(T, 0), ¢m(7,0), mp2(T, 0)) e(mw)

m

= lin. comb. of G((52)) and G((52)) T (p%).

Frgl 7—i,2n—i(P2)

1 T N\ _5
= 6 /ro(4)\.61 (G (( 0 2 ) |T,'72,,,,-(p2)) (w) /m(w)k 2 dw = c Frg.
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Sketch of proof of generalized Maass relation

1
e Consider J,(("/)\/l instead of J (7 (Here M = (1’ 2”)).

1
k—3,m 5r 1

@ Introduce V-map for J,(:) . Vi,n—i(p2) : J/(<n/)v( - J;En/)\/([(p )]
, 1

@ Show a generalized Maass relation for Siegel-Eisenstein series.
(Fourier-Jacobi expansion of S-E series with respect to M.)
Ikeda lifts inherit some properties of Siegel-Eisenstein series.

@ Use the relation among Fourier-Jacobi coefficients of
Siegel-Eisenstein series and Jacobi-Eisenstein series (w.r.t.
index M) (It follows from Boecherer's result.)

@ Use " Zharvkovskaya's theorem” for Jacobi forms of index M.
(This is a commutative relation between Siegel ¢-operator on
Jacobi forms and V-maps. (Generalization of Zharkovskaya
and Krieg's results.))
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Siegel-Eisenstein series

(2n+2) 2n+2
E, e M.

1st F-J
2n+1 2n+1 2n+1 +(2n+
) € S e ¢ g
lkeda lift ] iF_J
) e e o)
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Zharkovskaya's Theorem for Jacobi forms

ir n n—
Let M = <1’r 2 ) and & : S = S

2

For any Jacobi form ¢ € J/En/)\/z and for any prime p, we have

(| Vini(p?) = ®(8)|Vini(p®)",

is a map Vi i(p?)* Jl(:/\j) - JlEan[)<

*

where Vi ,_i(p?) 01
| 51)]
given by
Vin-i(p?)" = Vi ia(p?)
+p(1+ PP )iy oi(p?)
+(p2n—2l+2 _ ]_)p'_k\/,'_2,n—i+1(p2)'
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Thank you!
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